This paper is concerned with explicit integration formulas and algorithms for computing volume integrals of trivariate polynomials over an arbitrary linear hexahedron in Euclidean three-dimensional space. Three different approaches are discussed. The first algorithm is obtained by transforming a volume integral into a sum of surface integrals and then into convenient and computationally efficient line integrals. The second algorithm is obtained by transforming a volume integral into a sum of surface integrals over the boundary quadrilaterals. The third algorithm is obtained by transforming a volume integral into a sum of surface integrals over the triangulation of boundary. These algorithms and finite integration formulas are then followed by an application example, for which we have explained the detailed computational scheme. The symbolic finite integration formulas presented in this paper may lead to efficient and easy incorporation of integral properties of arbitrary linear polyhedra required in the engineering design process. 
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Nomenclature
x"ya(h + lx + my)'+' dx dy = surface integration over a plane polygon in the XY-plane T, = tetrahedron with vertices at ((x,y,z,), p = i, j, k, 1)
Introduction
Volume centre of mass, moment of inertia and other geometric properties of rigid homogeneous solids arise very frequently in a large number of engineering applications such as CAD/CAE/CAM, geometric modelling, as well as in a variety of scientific disciplines and robotics. Integration formulas for multiple integrals have always been of great interest in computer applications [l] . Computation of mass properties of both plane and space objects is discussed by Wesley [2] and Mortenson [3] . A good overview of various methods for evaluating volume (triple) integrals in this context is given by Lee and Requicha [4] . Lee and Requicha [4] observe that most computational studies in multiple integration deal with problems where the integration domain is a very simple solid, such as a cube or sphere and the integrating function is very complicated, conversely, in most engineering application, the opposite is the usual problem. In such problems, the integration domain may have a non-convex shape and the function inside the integral sign is a trivariate polynomial. Timmer and Stem [5] discussed a theoretical approach to the evaluation of volume integrals by transforming the volume integral to a surface integral over the boundary of the integration domain. Lien and Kajiya [6] presented an outline of a closed form formula for volume integration for a linear tetrahedron and suggested that volume integration over a linear polyhedron can be obtained by disjoint decomposition of several tetrahedra. Cattani and Paoluzzi [7, 8] have obtained finite integration formulas for integrals of monomials over plane polygons and space polyhedra via Gauss's Divergence theorems (in two dimension Green's Theorem). Bemardini [9] has further generalized these integration methods to integrals of polynomials over n-dimensional polyhedra. In recent works, Rathod and Govinda Rao [ 10,111, Rathod and Hiremath [ 151 addressed these problems, and derived explicit integration formulas which are more convenient and efficient than earlier studies [7, 8] . Integration of a triple product [lO,ll] , viz. ~~y~(h+Lr+My)~+' (a, /?, y positive integers, zero h, I, m arbitrary constants), an expression in bivariates X, y, plays a very important role in the computation of volume integrals of the trivariate monomial x~~'z~ over the domain of a linear polyhedron in Euclidean three-dimensional space. The integral of this bivariate expression x*y'(h + Lr + My)"' over a linear polygon in the q-plane is computed by use of Green's theorem (see [lo] ) which reduces the area integral to a sum of line integrals along the boundary line segments. Because of the presence of the term (h + LX + My)"' the area integral of the bivariate expression xayp(h + L&X + My)y+' generates a sum (= ( y + 1) + y + * * *+2+1=(~+2)=(~+1)/2) (y+2)(y+1)/2) line integrals on application of the Green's theorem along each line segment of the linear plane polygon [lo] . In this paper, we have found a means of overcoming this complication and in Lemma 1, it is shown that the same computation can be done only once for each line segment of the linear plane polygon.
We have also proposed two more lemmas (Lemmas 1 and 2) which are useful in evaluating integrals of the above-mentioned bivariate expression over a linear quadrilateral and a linear triangle. These lemmas use the well-known isoparametric coordinate transformations used in the finite element method [ 12,131. We have then proposed three different algorithms based on these lemmas (Lemmas 1, 2 and 3) for computing volume integrals of trivariate monomial ~~~~~~ (a, p, y positive integer including zero) over an arbitrary linear hexahedron in three-dimensional space. Integration over a simple trivariate polynomial function (where (Y, p, y positive integer including zero) can be obtained by linearity property of integrals. We have also proposed theorems (Theorems l-5) which gradually develop the numerical scheme to compute volume integrals in terms of line integrals and surface integrals (over quadrilaterals and triangles) by use of Lemmas l-3. In Theorem 6, we express the volume integral over a linear arbitrary hexahedron as a sum of twelve line integrals along the boundary edges. Lemma 4 develops a computational scheme to evaluate each of these line integrals which is again an improvement over earlier studies [ 10,111.
Surface integration
In this section we first establish three preliminary results giving closed form analytical integration formulas for surface integration over a plane polygon in the xy-plane. Then, we wish to use these closed form finite integration formulas in computing volume integral of polynomials over a linear arbitrary hexahedron.
Let 7r be a simple polygon in the xy-plane. We want to evaluate the following structure product
where 1, m, h are arbitrary constants and CY, p, y are positive integers (including zeros). We shall now show that 
From Eqs. (5) and (3), we conclude that Eq. (4) is true. Now, we wish to obtain a simple finite integration formula for the integral W-193 Let us now consider the integral over oriented triangle T$
The Where rr is the simple polygon in the xy-plane, 1, m, h are arbitrary constants and ff, p, y are positive integers (including zero). We can think of m as region in R2 decomposable in a set T of triangles such that any pair of members of TTk (a triangle in the xy-plane with vertices at (xi, yi), (xj, y,) and (x,, yk) and Tyk do not intersect. We can also think of rr as region in R2 decomposable in a set Q of quadrilaterals only or a combination of quadrilaterals and triangles such that any pair of member of Qy& (a quadrilateral in the xy-plane with vertices at (xi, yi), (xi, yj), (x,, yk) and (x,, yI) and Q",',, do not intersect or any pair of members of Q",',, and Tzl do not intersect. Thus, we may write (see In our recent work [ 151, the structure product ZZ~$"+' has been already considered. We shall now obtain a finite integration formula for the structure product H$," ', as we wish to use this integral formula for computation of volume integrals of polynomials over an arbitrary linear hexahedron. 
We have from Eqs. (31) and (33) a'lx(u, U) ad =-$ N%J, + ql,u) + 4% + a,,u>I"l 
(38) 
ao.0 =x;, ((x,, y,), a = i, j, k, 1) can be mapped to a unit square 0 s u, u s 1 in the uu-plane by use of the isoparametric coordinate transformation (see Fig. 3 ) is already given in Eq. (31). If we now further assume that the nodes i and 1 are tied together, so that we have (xi, yi) = (x,, yl), then we obtain a new isoparametric coordinate transformation which maps an arbitrary linear triangle to a unit square 0 G u, u S 1 (see Fig. 4 
This completes the proof of Lemma 3. q
Volume integration
In most computational studies, we recognize the importance of obtaining practical explicit formulas for the exact evaluation integrals. where P is a three polyhedra in R3, dx dy dz is the differential volume and f(x, y, z) is a simple function: (76) where (Y, j?, y are non-negative integers (including zero). However, the present paper is focused on the calculation of the following integral of monomials. In our 'e'arlier works [ 10,111, it is stated that an extension to the integral J J J, f(x, y, z) d.x dy dz can be obtained by using the integral:
where Tj j k r is an arbitrary linear tetrahedron with vertices at ((x,, yA, z,), A = i, j, k, 1)) and the linearity property of integral. We shall show in the present section of this paper, how this can be achieved most efficiently for a linear arbitrary hexahedron. This process is gradually developed in Theorems 1-5. This has led us to the important reset that a finite integration formula can be developed for a linear arbitrary hexahedron in terms of integral over the linear quadrilateral faces. This has, in turn, opened the possibility of explicit integration for a linear arbitrary hexahedron by using Lemmas 1 and 2 developed in the previous section.
THEOREM 1. A structure product:
x"yazy du
..x over a three-hexahedron H,,2,3 ,___, s (H,,, ,,,,, B = a hexahedron in 3-space with vertices at ((x,, yr, z,), p = 1,2,3, . . . ,8)) is a polynomial combination of structure products of suitable order over triangulation of the hexahedral boundary aH,,2,3 ,,,_, 8 where T is a linear triangle in the three-dimensional space, ri is outward unit normal vector to T and k is the unit normal vector along z-axis.
PROOF. The proof follows from Rathod and Govinda Rao [lo] . 0 
(x, y) = lx + my + h refers to the equation of the plane spanning points ((x,, yp, z,), p = i, j, k) and T$ is the oriented triangle in the xy-plane obtained on projecting the linear tetrahedral boundary Tijk (Tijk = a triangle in three spaces with vertices at ((x,. y,, z,), p = i, j, k) on

Hexahedron as a assemblage of tetrahedra
The division of space volume into individual tetrahedra sometimes presents difficulties of visualisation and could easily lead to errors in node numbering, etc. A more convenient subdivision of space is into eight cornered arbitrary hexahedra. Such elements could easily be assembled automatically from several tetrahedra and process of creating these tetrahedra left to a simple logical program. It will be readily appreciated from the exploded view, that an hexahedron element could be built in two and only two distinct ways from the five tetrahedral shaped elements. This has been proposed in [12] . Both possible divisions of a hexahedron into five tetrahedral shaped elements are illustrated in Figs. 5 We can form a similar table for alternative distinct subdivision of an arbitrary linear hexahedron into five tetrahedra (see Table 1 ).
In Theorem 2, we have referred to the integrals of type We know from Gauss's divergence theorem that volume integral is equal to the sum of surface integral taken over the entire boundary surface of the volume V. When we use this concept in Eq. (90) and further make use of Eqs. (91)- (93), (79) and (1W ALGORITHM 1. We shall now illustrate the use of Lemma 1 to evaluate the integrals appearing on the right-hand side of Eq. (100).
We have on using Lemma 1 for linear arbitrary quadrilateral, it can be shown that II;;;; 8 6 = II
x'y(4 -4x) dx dy = II x2yz dx dy I..
Q%l,S,6 Qx24.8.6
Now, on using Eqs. (99), (103), (104) and (105) 
where In a similar fashion, we obtain other integrals as 
where 
The result obtained in Eq. (123) is again in agreement with that of Rathod and Govinda Rao [lo] . One of the ways to integrate over the area of quadrilateral is by treating the same as a sum of integrals over two triangles: There are two ways to compute these integrals as sum of the integrals over two triangles. We shall demonstrate the same in one of the ways. Following the computational scheme outlined in Eqs. (120), (121) and the numerical data for the application example as given in Eq. (99), we obtain E (p, q, r, s) .
We shall now propose a theorem which will express the volume integral over an arbitrary linear hexahedron as a sum of twelve line integrals of type given in Eq. (133) along the straight line edges. Also, we note the equivalence of integrals over the oriented triangles Tz0, 4 and TxO,p as E (p, q, r, s) and z(x, y, p, q, r, s) is the equation of the plane spanning points ((x,, y,, z,),  a = p, q, r, s) which includes (x,, y,, zi) and (x,, y,, z,) . Hence, without loss of meanings and concepts involved in Theorem 6, for the sake of uniformity we define
Conclusions
The theorems and lemmas which we have presented in this paper are interesting for various reasons. We have expressed the integral of spatial expression x*y'(h + LX + My)'+' ((u, p, y positive integer including zero) into line integrals, not via the use of Green's theorem for plane which was normally done in all previous works [7, 8, 10 ], but by means of a simple transformation which joins the end points of boundary line segments to the origin of the xy-plane. This transforms the area integral over linear plane polygon to a sum of area integrals over triangles joining the origin and the end points of line segments. It is shown that the area integrals over the triangle joining the origin and the end points of line segments are in fact reducible to simple line integrals. These line integrals so obtained have a product of three linear functions as their integral, viz.
(q + X;$)YY, + Yjk~)%, + Z,kd We have further used the technique developed in our earlier works [ 10,l l] to obtain finite integration formulas for the line integral having the above integrand. We have also developed finite integration formulas for area integrals over linear arbitrary quadrilaterals and triangles by use of isoparametric coordinate transformation of finite element origin [ 12,131. We have demonstrated these derivations and the numerical scheme proposed in Theorems 1-5 to evaluate the volume integral of monomial xLlypzy over a linear arbitrary hexahedron. We have further developed a finite integration formula for the volume integral of monomial xayPzY over an arbitrary linear hexahedron which is further expressed in terms of twelve area integrals (with two end points of line segment and the origin of xv-plane as comer points of these triangles) over the triangles. It can be easily verified that these proposed algorithms are much simpler and economical in terms of arithmetic operations.
